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Abstract
We investigate a strongly-correlated Bose gas in an optical lattice. Extending the standard-
basis operator method developed by Haley and Erdo¨s to a boson Hubbard model, we calculate
excitation spectra in the superfluid phase, as well as in the Mott insulating phase, at T = 0. In
the Mott phase, the excitation spectrum has a finite energy gap, reflecting the localized character
of atoms. In the superfluid phase, the excitation spectrum is shown to have an itinerant-localized
dual structure, where the gapless Bogoliubov mode (which describes the itinerant character of
superfluid atoms) and a band with a finite energy gap coexist. We also show that the rf-tunneling
current measurement would give a useful information about the duality of a strongly-correlated
superfluid Bose gas near the superfluid-insulator transition.
PACS numbers: 03.75.Lm, 03.75.Kk, 03.70.+k
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Recently, a strongly-correlated Bose has been realized in an optical lattice[1, 2]. When the
optical lattice potential is strong enough, the system can be described by a boson Hubbard
model[3, 4], where atoms are hopping between nearest-neighbor lattice sites, interacting with
each other with the on-site repulsion U . In a cold atom gas, the hopping matrix element
t is tunable by adjusting the strength of laser light, so that one can realized the strongly-
correlated regime characterized by U/zt >∼ 1 (where z is the number of nearest neighbor
sites). Theoretical work on the boson Hubbard model[3, 5, 6, 7, 8, 9, 10, 11, 12] has
predicted the superfluid-Mott insulator (SI) transition, which has been recently confirmed
in 87Rb Bose gas[1, 2]. The experimental result shows that the SI transition occurs at
U/zt ∼ 6 in a cubic lattice, which is in good agreement with the theoretical prediction
U/zt = 3 + 2
√
2 = 5.83[7, 9]. More recently, the optical lattice has been also applied to a
cold Fermi gas[13], and the Brillouin zone has been observed.
In the superfluid phase near the SI transition, while superfluid atoms are itinerant, we
can expect that the system would also have an insulating (localized) character. Indeed, an
itinerant-localized dual character has been obtained in a fermion Hubbard model[14], where
an itinerant heavy fermion band at the Fermi level and upper- and lower-Hubbard bands,
describing the localized character of fermions, coexist. At the metal-insulator transition, the
itinerant heavy fermion band vanishes. In the Mott insulating phase, the upper and lower
Hubbard bands only remains, that are separated by the so-called Hubbard gap Eg ∼ U .
Thus, it is a very interesting problem how this kind of duality can be seen in a strongly-
correlated superfluid Bose gas. For this purpose, cold atom gases in optical lattices are very
useful, because various physical parameters, such as the number density n of atoms and the
interaction U/zt, are tunable. Since the SI transition is absent in a weakly-interacting Bose
gas, the duality is a characteristic phenomenon where the strong interaction between atoms
plays an essential role.
In this paper, we discuss excitation properties of a strongly-correlated Bose gas near the SI
transition. Extending the standard basis operator method developed by Haley and Erdo¨s[15]
to the boson Hubbard model, we calculate the superfluid density of states at T = 0. This
method has been recently used by Sheshadri[7], Kanobe[16] and their coworkers to study the
SI transition and the rf-spectrum in the Mott phase, respectively. In the superfluid phase
near the SI transition, we show the coexistence of the itinerant gapless Bogoliubov mode
and a band with a finite threshold energy, which reflects the localized character of atomic
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FIG. 1: Phase diagram of the boson Hubbard model. The SI phase boundary shown by the solid
(dashed) line is given by µ¯+ (µ¯−) in (10). The solid circles at U/zt = 8 (a∼h) are the positions
where excitation spectrum and the dispersion relation are calculated in Figs. 2-4. µ/zt at each
position equals (a) µ¯− + (µ¯+ − µ¯−)/3 (n = 1), (b) µ¯− (n = 1), (c) 2µ¯−/3 (n = 0.89), (d) µ¯−/3
(n = 0.74), (e) µ¯− + 2(µ¯+ − µ¯−)/3 (n = 1), (f) µ¯+ (n = 1), (g) µ¯+ + (U − µ¯+)/3 (n = 1.16), and
(h) µ¯+ + 2(U − µ¯+)/3 (n = 1.36).
states. We also show that this novel phenomenon may be observed by the rf-tunneling
measurement.
We consider a superfluid Bose gas in a cubic optical lattice, described by the boson
Hubbard model
H = −t
∑
(i,j)
c†icj −
U
2
∑
i
nˆi(nˆi − 1)− µ
∑
i
nˆi. (1)
Here, c†i is a creation operator of a Bose atom at the i-th site, and nˆi ≡ c†ici. In the first
term, t describes the nearest-neighbor hopping, where the summation (i, j) is taken over
the nearest-neighbor sites. U is the on-site repulsion, and µ is the chemical potential. For
simplicity, we ignore effects of a trap potential in (1).
In the superfluid phase, we divide the Bose operator ci into the condensate Φ ≡ 〈ci〉
and the non-condensate δci ≡ ci − Φ. (We take Φ to be real.) Substituting the expression
ci = Φ+ δci into (1), we obtain H =
∑
i hi− t
∑
(i,j) δc
†
iδcj, where hi = ztΦ
2− ztΦ(ci+ c†i)+
U
2
nˆi(nˆi− 1)− µnˆi (where z = 6 is the number of nearest-neighbor sites of the cubic lattice).
The BEC order parameter Φ is determined by minimizing the ground state energy Eα=0 of
the on-site Hamiltonian hi[7]. Using the eigenstates |i, α〉 of hi (with eigenenergies Eα), we
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rewrite the Hamiltonian as
H =
∑
i,α
EαLˆ
i
α,α′ − t
∑
(i,j)
α,α′,β,β′
T i,jα,α′,β,β′δLˆ
i
α,α′δLˆ
j
β,β′ , (2)
where T i,jα,α′,β,β′ ≡ 〈i, α|c†i |i, α′〉〈j, β|cj|j, β ′〉. Lˆiαα′ ≡ |i, α〉〈i, α′| is referred to as the standard
basis operators[15], and δLˆiα,α′ ≡ Lˆiα,α′ − 〈Lˆiα,α′〉, where 〈· · ·〉 is the expectation value in the
ground state |i, α = 0〉.
To calculate the excitation spectrum, it is convenient to introduce the single-particle
Green’s function, defined by gi,j(τ) = −iΘ(τ)〈[ci(τ), c†j ]〉 [where Θ(τ) is the step function].
In the Lˆiα,α′-representation, we obtain gi,j(τ) =
∑
α,α′,β,β′ T
j,i
β,β′,α,α′G
i,j
α,α′,β,β′(τ), where
Gi,jα,α′,β,β′(τ) = −iΘ(τ)〈[Lˆiα,α′(τ), Lˆjβ,β′ ]〉. (3)
In the random phase approximation (RPA) in terms of the hopping t, the equation of motion
for G is given by[7, 15], in the energy (ω) and momentum (p) space,
δα,β′δα′,βDα,α′ = −εpDα,α′
∑
γ,γ′
T˜α′,α,γ,γ′Gγ,γ′,β,β′(p, ω)
+ [ω − (Eα′ − Eα)]Gα,α′,β,β′(p, ω). (4)
Here, εp ≡ −2t
∑
j=x,y,z cos(pj) describes the tunneling effect between sites (where the lattice
constant is taken to be unity). Dαα′ ≡ 〈Lα,α〉 − 〈Lα′,α′〉, and T˜α′,α,γ,γ′ ≡ T i,jα′,α,γ,γ′ + T j,iγ,γ′,α′,α,
where (i, j) is a nearest-neighbor pair. Substituting the solution of (4) into the single-particle
Green’s function g(p, ω) in the energy and momentum space, we obtain
g(p, ω) =
Π(p, ω)
1− εpΠ(p, ω) . (5)
Here,
Π(p, ω) = A11(ω) + εp
A12(ω)A21(ω)
1− εpA22(ω) , (6)

 A11 A12
A21 A22

 = ∑
α

 y0,αy∗α,0 y0,αyα,0
y∗0,αy
∗
α,0 y
∗
0,αyα,0


ω+ + (E0 − Eα)
−
∑
α

 yα,0y∗0,α yα,0y0,α
y∗α,0y
∗
0,α y
∗
α,0y0,α


ω+ + (Eα − E0) , (7)
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FIG. 2: Excitation spectrum N(ω) near the SI phase boundary at U/zt = 8. The value of µ in
each panel is shown in Fig. 1. (a) and (e): Mott phase. (b) and (f): SI phase transition. (c) and
(d): Superfluid phase with n < 1. (g) and (h): Superfluid phase with n > 1. We have introduced
a small imaginary part Γ/zt = 0.001 to the energies, to smooth out the results.
where ω+ = ω + iδ. We note that yα,β ≡ 〈i, α|ci|i, β〉 is independent of the position i.
In the Mott phase (Φ = 0), the number density of atoms n per site is an integer, and the
eigenstates |i, α〉 of hi are simply given by the number states, |i, n〉 = 1√n!(c
†
i)
n|vacuum〉 with
En = −µn+ U2 n(n−1). Among them, |i, n = n0〉 is the ground state when U(n0−1) ≤ µ <
Un0. Noting that yn,n′ =
√
n′δn,n′−1, we obtain the Green’s function in the Mott phase as
g(p, ω) =
A11(ω)
1− εpA11(ω) , (8)
where
A11 =
n+ 1
ω+ −∆En+1,n −
n
ω+ +∆En−1,n
. (9)
Here, ∆En+1,n ≡ En+1 − En = Un − µ is the excitation energy by adding an atom to the
ground state when t = 0, while ∆En−1,n ≡ En−1−En = µ−U(n−1) is the energy to extract
an atom from the ground state. ∆En−1,n may be regarded as the energy to add a hole to
the ground state. The SI transition is determined by the condition when (8) has a gapless
excitation at p = 0, which gives[3, 7, 9, 16]
µ
zt
=
1
2
[
(2n− 1)U
zt
− 1±
√(U
zt
)2
− 2(2n+ 1)U
zt
+ 1
]
≡ µ¯±. (10)
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FIG. 3: Dispersion relation in the px direction. (b) SI phase boundary. (c) Superfluid phase.
The lowest value of U/zt to realize the Mott phase equals U/zt = 3 + 2
√
2 = 5.83 (n =
1)[1, 7, 9]. We show the SI phase boundary given by (10) in Fig. 1.
Now we consider excitation properties near the SI phase boundary. Figure 2 shows the
density of states defined by
N(ω) = −1
pi
∑
p
Im[g(p, ω)]. (11)
In Fig. 2, the positive energy region describes particle-type excitations, and hole-type exci-
tations are given by the spectrum in the negative energy region. We note that N(ω) < 0
for ω < 0. [Since the Bose distribution function nB(ω) is negative for ω < 0, the number of
particles N(ω)nB(ω) at ω is always positive.] In the Mott phase with n = 1 [panels (a) and
(e)], a finite energy gap exists in particle and hole excitations. When t = 0, the energy gap
Eg between particle and hole excitations equals Eg = ∆E10+∆E01 = U , so that Eg is found
to correspond to the Hubbard gap in the fermion Hubbard model. Namely, the presence
of this gap reflects the localized character of Bose atoms in the optical lattice. The finite
widths of the particle and hole bands in Fig. 2 are due to the nearest neighbor hopping
t. At the lower SI phase boundary [dashed line in Fig. 1], Fig. 2(b) shows that the hole
excitations become gapless, which means that holes become itinerant. On the other hand,
excitations in the particle branch (ω > 0) still has a gap in Fig. 2(b). However, as one enters
the superfluid phase [panels (c) and (d)], a gapless band suddenly appears in the particle
branch. The resulting excitation spectrum in the particle branch has a dual structure, where
the gapless excitation spectrum and the band with a finite threshold energy coexist. We
note that this phenomenon can be also seen when one enters the superfluid phase through
the upper SI phase boundary [solid line in Fig. 1]. In this case, as shown in Figs. 2(e)-(h),
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particle excitations become gapless at the SI phase transition, and the dual band structure
is obtained in the hole branch.
Figure 3 shows the dispersion relation near the lower SI phase boundary. Although
the spectral weights of the gapless particle and hole excitations are different in Fig. 2(c),
their dispersion relations are symmetric with respect to ω = 0. Their linear dispersions
around px = 0 indicate that they are the Bogoliubov modes. At the SI transition, the
gapless dispersion in the particle branch vanishes, and the hole dispersion becomes quadratic,
reflecting the disappearance of superfluidity.
The reason for the sudden appearance of the gapless spectrum in the superfluid phase is
that the macroscopic wave function of the superfluid phase is a coherent state, involving the
various number states |n〉 (n = 0, 1, 2, · · ·). This leads to the hybridization of the particle
and hole excitations in the superfluid phase. As a result, the Bogoliubov excitation from the
condensate is accompanied by both particle and hole excitations, which leads to the gapless
particle and hole dispersions shown in Fig. 3 (dashed lines).
We note that the gapless excitations in the superfluid phase can be studied analytically
in the strongly-correlated limit (U/zt ≫ 1). In this extreme case, when n < 1, we may
only take into account the two number states, |n = 0〉 and |n = 1〉, because of the strong
repulsion. The resulting single-particle Green’s function has the simple form
g(p, ω) =
1
2
(1−2nc)zt+(1−4nc)εp
Ωp
− (2n− 1)
ω+ − Ωp
+
1
2
(1−2nc)zt+(1−4nc)εp
Ωp
+ (2n+ 1)
ω+ + Ωp
, (12)
where nc ≡ Φ2 = n(1 − n) is the condensate fraction. (12) shows the existence
of the gapless dispersions in the particle and hole branches, given by ω = ±Ωp =
±√(zt + (2n− 1)2εp)(zt + εp). In the long-wave length limit, we obtain ω = ±vφp. Here,
the sound velocity is given by vφ/zt = Φ
√
2/3 =
√
2nc/3[17], which is independent of the
interaction U . This result is quite different from the usual Bogoliubov sound velocity in a
weakly-interacting superfluid Bose gas, given by vφ =
√
Unc/M ∝
√
U (where M is the
mass of an atom). We note that the spectral weight of the particle branch (ω > 0) in (12)
vanishes at the SI phase boundary (nc = 0 and n = 1), as expected from Fig. 2(b).
To observe excitation properties of a superfluid Bose gas, the rf-tunneling current spec-
troscopy is a powerful tool[18]. In this measurement, atoms are transferred into an-
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FIG. 4: Low energy rf-spectrum at T = 0. The contribution from the condensate Ic at ω = 0 is
not shown in this figure. We have introduced a small imaginary part Γ/zt = 0.03 to the energies,
to smooth out the results.
other hyperfine state (described by a Bose operator bp) by laser radiation. In the ro-
tational wave approximation[18], this process is described by the tunneling Hamiltonian
HT = γ
∑
p
[
e−iωLtb†
p+qLcp + h.c.
]
, where qL and ωL are the momentum and frequency
of the laser light, respectively. γ is the tunneling matrix element between the two hy-
perfine states described by bp and cp. The Hamiltonian of the b-state has the form
Hb =
∑
p
[εb
p
+ ωb − µb]b†pbp, where εbp = −2t
∑
j=x,y,z cos pj + zt. ωb and µb represent the
threshold energy of the b-band and the chemical potential, respectively. In this Hamiltonian,
we have ignored the interaction in the b-state and have assumed that the hopping matrix
element t is the same as that of the c-state, for simplicity. In the first order perturbation in
terms of HT , we obtain the rf-tunneling current I(ω) from the c-state to the b-state as (we
set qL = 0)
I(ω) = Icδ(ω) + 2γ
2
∑
p
Im[g(p, εb
p
− ω)]Θ(ω − εb
p
). (13)
Here, ω ≡ ωL − ωb + µb is a renormalized detuning energy, and Ic ≡ 2piγ2nc describes the
contribution from the condensate. The second term in (13) involves information about the
excitation spectrum shown in Fig. 2. Because of the step function in (13), the second term
is dominated by hole excitations at T = 0[16].
Figure 4 shows the rf-spectrum near the Mott phase with n = 1. Near the lower SI
8
boundary [dashed line in Fig. 1], the excitation gap in the Mott phase simply vanishes at
the SI transition [see panels (a)-(d)]. On the other hand, as shown in Figs. 4(e) and 4(f), the
excitation gap in the Mott phase becomes larger near the upper SI phase boundary [solid
line in Fig. 1]. The gap remains in the rf-spectrum even at the SI phase transition. In the
superfluid phase, in addition to the band with a finite threshold energy, a gapless spectrum
appears in the rf-spectrum [see Figs. 4(g) and 4(h)]. This result directly comes from the
dual structure of the hole excitations shown in Figs. 2(g) and 2(h). Namely, the rf-spectrum
in the superfluid phase with n <∼ 1 is very different from that with n >∼ 1. In particular,
when n >∼ 1, we can observe the dual band structure of a strongly-correlated superfluid Bose
gas by the rf-tunneling measurement.
To summarize, we have discussed the excitation spectrum of a strongly-correlated Bose
gas in an optical lattice. In the Mott phase, the Hubbard gap is obtained, reflecting the
localized character of atoms. At the superfluid-Mott transition, particle or hole excitations
become gapless while the other branch still has a finite energy gap. However, the latter
branch also becomes gapless in the superfluid phase due to the appearance of a gapless
band. The resulting spectrum has a dual structure, where itinerant gapless excitations
and the localized band with a finite threshold energy coexist. We have also shown that
this dual structure of the excitation spectrum may be observed by the rf-tunneling current
measurement. Since the duality is absent in a weakly-interacting Bose gas, the observation of
this phenomenon would be very useful in understanding the physics of a strongly-correlated
superfluid Bose system.
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